The paper investigates the interaction effects due to diffraction by a large volume substructure and an installation barge, during the operation of setting the deck onto the substructure. Linear theory is adopted. The barge motions are constrained by attachments to the fixed substructure, and the effects of the constraints are modeled here by a two-stage hydrodynamic/dynamic analysis. The multi-body diffraction problem is first solved without any constraints between the bodies, and in the second stage the constrained equations of motion are solved. The analysis is validated through comparisons with published results for five interconnected barges. Three configurations of substructure are then investigated for an installation configuration: a non-diffracting steel space framed structure (as a reference case); an array of four large diameter vertical columns mounted on the seabed and a Gravity Based Structure consisting of the same four columns with a subsurface caisson.
Introduction
The float-over method has become increasingly popular in the installation of large decks onto offshore platforms (Tahar et al. 2004 , Cholley et al. 2009 , Cheung 2010 , due to its large capacity and cost effectiveness. When the substructure is a steel space frame structure, it has comparatively little effect on the wave field. However, when the dimensions of the substructures are sufficiently large, for example, in the case of a gravity based platform, the influence of diffraction by the substructure should be investigated in the analysis. Furthermore, in float-over installations, horizontal motions of the lifting barge must be small enough to the allow docking legs to be captured in the guide funnels. Lashing lines are adopted in many practical operations (Tahar et al., 2004) . The constraint forces applied through the lashing lines are an important issue that should be considered in design.
Other multi-body systems in marine engineering include tower-yoke mooring systems, floating LNG barge-tanker systems, some wave energy converters, etc. Each can generally be defined as a system consisting of multiple floating (or fixed) bodies linked by rigid or flexible constraints. To analyze such a multi-body system involving multi-body wave diffraction/radiation, there are various numerical approaches that can be adopted within the framework of potential flow theory. The first type of approach can be described as a "two-stage" formulation, in which the hydrodynamics problem is solved first, leading to the wave excitation forces and the hydrodynamic coefficients (added mass and radiation damping) in the frequency domain. Then the equations of motion are formulated, considering the method of connection between the modules, other external forces, etc. The equations of motions can be expressed in the frequency domain or the time domain, depending on the type of problem and the possible importance of nonlinear effects in moorings/constraints. In linear frequency domain analysis, the excitation forces and hydrodynamic coefficients can be used directly. For equations of motions in the time domain, however, the frequency domain results can be transformed into corresponding terms in the time domain, using the convolution approach described by Cummins (1962) . Langley (1984) derived the equations of motion in the frequency domain by considering each body as a "super element" in a multi-body system. His method was applied to both SBS and Yoke-CALM designs of offshore mooring terminal. Ó ' Catháin et al. (2008) modeled rigid-body dynamics in the time domain by using the Newton-Euler equations of motion and eliminating degrees of freedom associated with the constraints. They analyzed the responses of a two-body hinged-barge wave-energy system, and validated their numerical results have by using results from wave-tank experiments. Sun et al (2011) developed and validated an implementation of the two-stage approach, using Lagrange multipliers to develop the constraint equations, and showed how the constraint forces may be obtained directly from the solution of the resulting equations. Several techniques for formulating the equations of motion for constrained multiple rigid bodies (without the fluid) can also be found in the book of Shabana (2010) . The "two-stage" methods offer great flexibility for systems which have complex constraints or where the linking components require optimization.
In the second type of approach, the mode expansion technique is adopted to solve the whole coupled problem directly (e.g. Newman 1994 , Lee and Newman 2000 , Taghipour and Moan 2008 . For systems involving many constraints or several connected bodies, this direct method would appear to be more efficient than the first approach, because the size of the problem can be reduced significantly compared with the "two-stage" methods. Lee and Newman (2000) used this approach to assess the effects of hydroelasticity on large arrays of hinged structures. Taghipour and Moan (2008) used the same technique to investigate the dynamic response of a multi-body wave energy converter in multi-directional waves.
The above work is based on linear frequency domain models of the hydrodynamics, in some cases using the Cummins convolution to transform to the time domain. Fully time domain models of the hydrodynamics have also been developed to analyze multi-body systems, by using a numerical wave tank (Kral and Kreuzer 1999, Guerber et al. 2010) . This allows the investigation of behaviour in large amplitude waves. Kral and Kreuzer (1999) simulated the response of two connected bodies using a two-dimensional numerical wave tank. Such an approach in three dimensions would be computationally very intensive, and is not appropriate in the context of the present investigation.
In this paper, we undertake an analysis of a multi-body system similar to the configuration of a float-over installation, and study the effects of diffraction by the substructure. Under the environmental conditions relevant to installation operations, the incident waves may be assumed to be relatively small, and it is appropriate to use the assumptions of linear potential flow theory. Generally there will be only a small number of modules in system, so the "two-stage" method is adopted in the present investigation. In the next section, the theory used in the hydrodynamic and dynamic analyses is briefly reviewed, based on the method presented by Sun et al (2011) . Section 3 analyzes the motions and constraint forces of a five hinged rectangular barge system, as a means of validating the method by comparing with published results based on the mode expansion method. The present method is then applied to a float-over installation configuration in section 4, where the effects of constraints are addressed. Discussion of the results and some conclusions are given in the final section.
Theoretical background to the suggested method
Under the assumptions of an incompressible and inviscid fluid with irrotational motion, a scalar velocity potential ( , , , ) x y z t Φ that satisfies the Laplace equation can be defined in the fluid domain, i.e.
Float-over installations are usually deployed in relative calm sea states, so linear analysis is an appropriate method for describing the interaction problem. For monochromatic incident waves, the velocity potential can then be expressed in complex spatial form as:
Excitation forces on and motions of the rigid bodies in the time domain can be written as
In the above equations, { } The equations of motion of the rigid bodies in the absence of any physical connections take the following form in frequency domain:
Here the matrix M is the rigid body mass matrix for the N bodies, while B and C are system damping and stiffness matrices. Zang et al. 2006 , Walker et al. 2008 , Sun et al. 2010 . This is diffraction/radiation code which solves the three-dimensional wave-structure interaction problem by using a quadratic boundary element method. In the present version of the code, partial discontinuous elements have been adopted to remove the irregular frequencies: as a result, corresponding meshes on the inner free surface are needed. More details of the method used for removing irregular frequencies can be found in the paper of Sun et al. (2008) . As mentioned by Matsui and Tamaki (1981) , the hydrodynamic coefficients ( ) H ω A and B H (ω ) of the floating bodies may change dramatically due to the presence of neighboring large dimensional substructures. Furthermore, hydrodynamic forces due to the motion of another body (coupling terms) cannot be neglected in the calculations for multiple floating bodies. These two aspects have been considered in present method.
For simplicity, equation (5) 
If there are rigid constraints between some of the degree of freedom in the system of rigid bodies, the constraints can be described by the following equation
Here [ ] D is constraint matrix, which defines the connectivity between the modules in the system.
To consider a constrained floating multi-body system in the wave field, Lagrange multipliers { } λ are introduced (Shabana 2010 , for example, describes the general approach for mechanical systems). The equations of motion can then be rewritten as
where superscript T denotes the transpose. The motions of the rigid bodies { } ξ ξ ξ ξ and the generalized constraint forces (which are equivalent to the Lagrange multipliers { } λ ) can then be obtained directly by solving equation (8). Details about the derivation of the above equations and illustration of the advantages of this direct approach can be found in the paper of Sun et al. (2011) .
Motions and constraint forces in the array of barges
To validate the method of analyzing interconnected bodies, an array consisting of five identical rectangular barge modules in infinite water depth has been investigated. The modules are connected by horizontal hinges, and are excited by regular waves propagating along the longitudinal axis of the array. The details of the barges and the positions of the hinges are shown in Figure 1 . The dimensions of each module are length L=300 m, beam B=80 m, and draft T=6 m. This case was investigated by Lee and Newman (2000) , who evaluated vertical motions and vertical constraint forces at the hinges by using the mode expansion technique. They obtained results for both rigid and flexible bodies with different stiffness. Their results of rigid bodies are compared here with those obtained using the method discussed above. Figure 2 shows the amplitudes of vertical motion at the hinges per unit incident wave amplitude (RAO). Satisfactory agreement is obtained between the two sets of results. The very slight discrepancies which may be seen are believed to be due to the inaccuracy in reading off the graphs in Lee and Newman (2000) . Unfortunately, some data points in the results for hinges 3 and 4 (in the ranges of 14.3s<T<16.0s and 10.3s<T<13.2s respectively) are missing in the published paper (Lee and Newman 2000) . l is a reference area equal to 1 m 2 . Good agreement is again obtained, including the pronounced oscillations in the curves for the forces in hinges 3 and 4 at the shorter periods. As is evident from Equation (8), all the motions of every module, the displacements and relative angles at every hinge, and the constraint forces acting on every hinge can be obtained directly from the calculations. Both horizontal and vertical constraint forces could be important in the design of the hinges, and these have been plotted in figure 4. In the horizontal forces shown in figure 4(a), it is interesting to see that almost same peak value is obtained for all four hinges at T ≈ 22s (corresponding to an incident wavelength of 755.43m, which is about half the length of the whole array). In longer waves (T > 22s), the horizontal and vertical constraint forces acting on hinges 1 and 4, and hinges 2 and 3, are almost the same, as might be expected in long waves. Figure 4 Horizontal and vertical constraint forces acting on hinges
Figure 1 Five barges with hinge connections

Vertical motions at hinges
Dynamic analyses in float-over installations
In float-over installations, the lifting barges and the fixed substructure comprise the multi-body system. In many situations, lashing lines are used in order to limit the horizontal motions of the barge. In the present analyses, the lashing system has been simplified and modeled by ideal rigid bars attached to the substructure; so at the ends of bars in contact with the barge, there are no horizontal motions. The barge can heave freely and have roll and pitch motions. In the following, four cases are considered, in each of which the barge motions are evaluated, and in three of which the constraint forces on the barge are also obtained. The four cases correspond to the following configurations.
1. The lifting barge supporting the deck is freely floating, and located far from any diffracting structure (named 'Freely floating' in the following comparisons)
2. The substructure is a slender lattice or jacket structure. During the float-over installation, there are ideal horizontal constraints between barge and substructure (named 'Lattice' in the following comparisons). In this case, the substructure has no effect on the wave field, and it is modeled as a rigid structure.
3. The substructure consists of four columns, and there are the same ideal horizontal constraints between barge and substructure (named 'Columns only' in the following comparisons). In this and the next configuration, the diffraction effect due to the substructure will be considered. There is thus a two-way interaction, with the scattered and radiated wave field from the barge being diffracted by the substructure; and the scattered field from the substructure being diffracted by the barge. Again, the substructure is taken to be rigid.
4. The substructure consists of four columns supported by a caisson, and the same ideal horizontal constraints are applied between barge and substructure (named 'Columns + Caisson' in the following comparisons).
The gravity-based substructure for cases 3 and 4 is the one investigated by Walker et al. (2008) . The origin of the coordinates is at the centre of the barge at the mean water level. Details of these two configurations, including the column diameters and spacing are shown in figure 5 . The minimum gaps between the four vertical columns and the barge are 2.75m. The height of the rectangular caisson in figure 5(b) is 15m. The main dimensions of the barge, and the mass properties of the barge with the deck are shown in table 1. In order to calculate realistic values of roll, it is necessary to account for additional damping due to viscous effects. This additional roll damping is taken to have the value 2.39E9 N·m/(rad/s), which is estimated from the empirical model developed by Tromans (2008) . The ideal horizontal constraints provided by the bars are applied in line with the barge deck, which is 3.2m above the mean water level. The water depth is taken as 53.13m. In the DIFFRACT hydrodynamic models for cases 3 and 4, the boundary element meshes on the wet body surfaces are shown in figure 6 . Two planes of geometric symmetry are adopted to facilitate the calculations, with waves incident from any arbitrary direction. Corresponding meshes on the inner free surface, used here to avoid the occurrence of irregular frequencies, are shown in figure 7 . The same meshes on the barge and its inner free surface are adopted for cases 1 and 2. These are designated "Mesh 1" in the following. 
Motions (RAOs) of barge (with deck)
In the present study, the connecting points of the horizontal constraints on the barge are 2.8m below the centre of gravity of the lifting barge (with deck). There will therefore be surge, sway, heave, roll and pitch motions at the centre of gravity for the floating barge. The surge and sway motions are, however, quite small due to the horizontal constraints, and are of no particular interest here. Only the results of heave, roll and pitch motions are plotted in following comparisons. Heave motions of the barge in the four cases in all the incident directions (0°~90°) are shown in figure 10 . It is not surprising that the same heave motions are obtained in cases 1 and 2 because the constraints are only applied in the horizontal directions, and there is no sway-heave coupling because of symmetry. Generally, larger heave motions arise when the diffraction effects of the substructures cannot be ignored, as in cases 3 and 4 over part of the frequency range considered. Noticeable differences at the peak values can be found in the results for β =45°, 60° and 75°; but there are no such large differences in peak values in the beam sea case (β =90°). The large volume substructures cause the peak values to shift to lower frequencies when β = 75° and 90°. From a comparison of the results for cases 3 and 4, it can be seen that the effect of the caisson is relatively small, but not negligible for this particular geometry. Roll motions of the barge in the four cases in the same incident directions are shown in figure 11 . Due to the geometrical symmetry, there is no roll motion for β =0°. Although only linear viscous roll damping is considered in the current analysis, some useful observations can be made. Comparing case 1 with the other cases, one can see that the roll motions increase significantly when rigid horizontal constraints applied, especially in case 2, the lattice structure. The peak values of roll motions lie in the range 0.4~0.45 rad/s (corresponding to wave periods of 13.96~15.71 s), which are near to the peak periods of the wave energy spectrum in severe sea states, but probably not relevant for this configuration under operating conditions for the installation. Large roll motions may also introduce appreciable mating forces in float-over installations.
Roll motions
Comparing cases 2 and 3, the sheltering effect of the vertical columns reduce the peak values of the roll motions. In case 4, the caisson increases the peak values slightly, compared with case 3 without the caisson. The corresponding pitch motions of the barge are shown in figure 12 . Due to the geometrical symmetry, there is no pitch motion for β =90°. In figure 12 , the horizontal constraints are seen to have a slight effect on the pitch motions (comparing cases 1 and 2). In comparisons between case 2 and last two cases, one can observe that the large substructures introduce larger pitch motions in incident wave angles β <45°. Up to ~8% of the contributions are from the vertical columns and ~7% from caisson. Some kind of sheltering effect on the pitch motions by the substructures are found when β >45°, and smaller pitch motions are obtained at the peak frequencies. Maximum pitch motions are found when β =60° in all four cases.
Pitch motions
Constraint forces, moments and excitation forces acting on the barge
The constraint forces and the wave excitation forces in the following comparisons are here non-dimensionalised by ρgALB; the moments of the constraint forces are non-dimensionalised by ρgALBT (where L, B and T are defined in Table 1 ). Only the last three configurations (cases 2, 3 and 4) are considered. The constraint forces in the x-direction under different incident wave directions are plotted in figure 13 . Due to the symmetry, there is no constraint force in the x-direction for β =90°. From the comparisons in figure 13 , it can be seen that type of substructure has limited effect on the constraint forces in the x-direction. Larger constraint forces can be found at the first peak when long waves come from small angles (β ≤ 45°) in cases 3 and 4. The caisson makes a negligible contribution to the constraint forces in short waves (about ω>0.8 rad/s). Sheltering effects due to the existence of the large volume substructure are seen when the waves come from large angles (β > 45°) in cases 3 and 4. The constraint forces in the y-direction under different incident wave directions are plotted in figure 14 . There are no constraint forces in the x-direction for β =0° because of symmetry. In cases 3 and 4, larger constraint forces in the y-direction (up to about 4.5 times those in case 2) are found at high frequencies (around ω=1.1 rad/s) when β = 15° and 30°. For these two directions, some peaks in cases 3 and 4 at higher frequencies have exceeded the values of the first peak. This could imply higher requirements for the constraint system in these ranges. These lie in the range of periods from 6s to 9s, which could be excited under operating condition wave spectra. When β = 90° in cases 3 and 4, maximum constraint forces in y-direction are obtained at ω = 0.80 rad/s (a period of 7.85s, when the length of the incident wave is 96.1m which is slightly more than double the distance between the columns). The caisson only has a limited effect in the range of low frequencies, as may be seen by comparing the results for cases 3 and 4. To clarify further the results of for constraint forces in y-direction in figure 14, they are plotted together with the wave excitation forces acting on the lifting barge in figure 15 (only the wave directions β =15° and 90° are considered here). From the comparisons, it can be seen that the wave excitation forces in the y-direction completely dominate the behavior of the constraint forces. Other contributions are from the forces due to the motions of barge, including the inertia forces due to the quite small sway motions, and radiation forces due to the sway and roll motions. One may deduce from the comparisons of cases 2, 3 and 4 in figure 14 that diffraction by the substructures significantly increases the constraint forces in the y-direction in cases 3 and 4 in beam seas, over the frequency range 0.7 to 0.9 rad/s Since the yaw motion is also constrained, it is useful to show the moment of the constraint forces about the z-axis; these are given in figure 16 . Because of symmetry, these moments are zero when β =0° and 90°. From comparisons in figure 16 , it can be seen the type of substructure has most influence on theses moments when β < 45°; but generally, the differences between three cases are fairly limited over the whole range of angles and frequencies.
Constraint forces in x-direction
Constraint forces in y-direction
Wave excitation forces in y-direction
Moments
Convergence study
In order to demonstrate convergence, a typical example of the wave excitation forces for β = 45° for the most complex configuration, case 4, is plotted in figure 17 , based on "Mesh 1" in figure 6(b) and "Mesh 2" in figure 8. In the boundary element computations of hydrodynamic results, converged results at higher frequencies are generally more difficult to obtain than at lower frequencies, due to the smaller ratio of the wavelength to the dimensions of the elements. Hence only the computed wave excitation forces at high frequencies (1.7~1.8 rad/s) are shown in figure 17 (corresponding to the right hand end of the plots for β = 45° in figures 13 and 14) .
Comparisons between the two sets of results are satisfactory, suggesting that converged results have been obtained in the above analyses. Figure 17 Excitation forces on barge based on two sets of meshes
Surface elevations in beam sea
From the above results, it is interesting to note the large wave excitation forces and constraint forces in the y-direction obtained in beam seas in cases 3 and 4 (see results for β = 90° in figure 15 ). To further investigate this, the behaviour of the free surface elevation has been analysed. Figure 18 shows the free surface magnifications at the mid length of the barge -corresponding to the points having horizontal coordinates (0, -19.35) and (0, 19.35) as seen in figure 5 . From the comparisons of results on the upwave side of the barge, figure18a, it can be seen there are relatively small differences between cases 1 and 2, due to the different responses (sway and roll motions) of the barge. Appreciable differences, however, are found between the results of case 2 and cases 3 and 4. The predicted peak magnifications of the incident wave elevation in cases 3 and 4 are as high as 6.48 and 6.36 at ω=0.82 rad/s. These large surface elevations reflect the effects of diffraction by the substructures. In cases 2, 3 and 4, the heave motions of the barge for β = 90° are comparable (see the corresponding results in figure 10 ), and the sway motions are quite small. It would therefore appear that the diffracted waves from the substructures dominate the large run-up at the upwave mid point (0, -19.35 ). Furthermore, comparison of the peak frequencies of the wave excitation forces in cases 3 and 4 (which are seen to be at ω=0.80 rad/s in figure 15 ), indicates a clear connection between the peak wave excitation forces and the peak surface elevations in cases 3 and 4. The surface elevations at the downwave mid point (0, 19.35), however, plotted in figure 18b , do not show such magnifications and connections with the constraint forces. Further details of the free surface elevation magnifications in beam seas along the upwave (y=-19.35m) and downwave (y=19.35m) sides at the peak frequency ω=0.82 are shown in figure 19 (one half of the barge length is shown, because of symmetry). From the comparisons between results of cases 3 and 4, it can be confirmed that the caisson has a quite limited influence on the elevations in these short wave. The diffraction effect of the vertical columns dominates the difference between cases 3 and 4 on the one hand, and the other two cases on the other, especially diffraction of waves by the two front columns. The biggest differences of the elevations are found at the central part of the upwave side, which indicates that the diffraction effect of the substructures is the strongest at this region where the scattered waves from the two adjacent columns reinforce each other. The surface elevations at the ends of the barge, however, are quite similar in all four cases. 
Conclusions
A two stage approach, solving first for the unconstrained hydrodynamics and then formulating the constrained equations of motion, has been applied to the dynamic analysis of coupled multi-body systems in marine engineering. Two types of system are considered in present paper. One, a validation case, concerns an array of five hinge-connected rectangular barge modules, which can be regarded as a simplified Mobile Offshore Base. Results of the vertical motions (RAOs) and vertical shear forces are compared with those given by Lee and Newman (2000) , and good agreement is obtained.
The second type of system is that of a lifting barge (with deck) and substructures, associated with float-over installations. Both jacket type and gravity based substructures are considered in the analyses undertaken here.
Although the lashing system has been simplified as ideal rigid constraints in the present calculation, some useful insight has been revealed, particularly concerning the effects of wave diffraction by the substructures. The horizontal constraints introduce larger roll motions of the lifting barge, which may also produce appreciable changes to the mating forces during the installation operations. It has been found that large volume gravity based substructures can cause increased transverse forces on the barge in waves at or close to the beam sea condition, as a result of the waves scattered by the columns providing a reinforcing effect. This has been shown to be linked to large magnifications in the local wave elevation at the midship position on the upwave side of the barge, with the possible implication of significant surface splashing. It has also been found that the heave motions of the barge can be substantially increased by the same effects of diffraction over certain frequency ranges and wave directions.
